Abstract-Planar distributed full-tensor anisotropic metamaterials for cloaks of invisibility based on transformation electromagnetics are proposed. The proposed metamaterials are composed of nonresonant transmission lines and are advantageous in full control of the off-diagonal components of the permeability tensor as well as broadband and low-loss characteristics. The explicit design formulas for the metamaterials are given based on the equivalent circuit derived directly from Maxwell's equations. A carpet cloak of invisibility is designed and the validity of the design theory is confirmed by circuit simulations. In addition, the carpet cloak is implemented in microstrip line technology and its performance is demonstrated experimentally at microwave frequencies.
I. INTRODUCTION

C
ONCEPTS to realize cloaks of invisibility have been presented based on transformation electromagnetics [1] - [23] , surface cloaks [24] - [29] , and the like [30] - [33] by using metamaterials composed of small constituents compared with the wavelength of operation.
A cylindrical cloak of invisibility based on the transformation electromagnetics has been implemented by using split-ring resonators (SRRs) and its operation has been first demonstrated at microwave frequencies [3] . However, the cloak exhibits narrow-band and high-loss characteristics due to its intrinsic resonant property. On the other hand, non-resonant wideband and low-loss carpet cloaks [5] to conceal an object under the curved reflecting surface have been implemented based on quasi-conformal coordinate transformation [6] - [12] . However, the cloaks cannot fully control the off-diagonal components of the permittivity tensor, and the implementation technique is limited to the quasi-conformal transformation. Therefore, the cloaks can hide only small objects with gentle variation in shape.
In contrast, the transmission-line approach [34] - [38] has been introduced in cloak implementation for easy design feasibility as well as wideband and low-loss characteristics [13] - [17] . The approach has been extended, and equivalent circuit models for full-tensor anisotropic materials are proposed [18] - [20] . The circuit models are the direct projection of Maxwell's equations and provide physical insight and a rigorous design formula with perfect control of anisotropy. The validity of the circuit models has been confirmed by various circuit simulations [18] - [23] . However, the circuit models have not been implemented and their performance has not been experimentally demonstrated so far due to their complex circuit configurations.
In this paper, an implementation method of the equivalent circuit model for full-tensor anisotropic metamaterials based on transformation electromagnetics presented in [20] is proposed. The implemented unit cell is a simple network of transmission-line sections whose characteristic impedances and electrical lengths can be obtained directly from the lumped element values in the original equivalent circuit model without any constraints on individual control of anisotropic tensor parameters. In the following, theory of the implemented distributed anisotropic metamaterial is presented and its performance is demonstrated. In Section II, the circuit model in [20] is first recalled concisely for completion of the paper. In Section III, the proposed distributed anisotropic metamaterials are introduced, and the equivalence of the proposed metamaterials to the circuit model is shown. Rigorous design formulas are also derived theoretically. Then, in order to investigate the validity of the theory, a carpet cloak is designed with the proposed metamaterials in Section IV. In Section V, the operation of the carpet cloak is verified by circuit simulations. Finally, the designed carpet cloak is implemented in microstrip-line technology and its cloaking operation of invisibility is experimentally demonstrated in Section VI.
II. EQUIVALENT CIRCUIT MODEL
For completion of the paper, we recall the equivalent circuit model presented in [20] which is the basis of the proposed distributed full-tensor anisotropic metamaterials. Fig. 1 shows the equivalent circuit models for full-tensor anisotropic materials. For simplicity, a square unit cell is assumed. Here, and branches have the self-inductances and , respectively, and these branches are magnetically coupled with a mutual inductance ( is assumed). Note that Fig. 1 (a) and (b) are isomer circuits depending on the magnetic coupling methods between the branches in the -and -directions.
is the capacitance to the ground.
Defining the node voltages ( , , , and ) and the currents ( , ,
, and ) as in Fig. 1 . On the other hand, Maxwell's equations for -polarized TE waves in an anisotropic material can be written as in the right column in Table I . Comparing these equations with the infinitesimal limit , the relations among the circuit parameters and the material parameters are obtained as (1) (2) Here, the upper and lower signs of the double signs are for Fig. 1(a) and (b), respectively. These formulas reveal the physical insight of the circuit model, i.e., the diagonal permeability tensor components, and , correspond to the self-inductances per-unit-length and , respectively, and more importantly, the off-diagonal permeability tensor components, and , correspond to the mutual inductance per-unit-length . In addition, permittivity corresponds to the capacitance per-unit-length .
III. PROPOSED DISTRIBUTED ANISOTROPIC METAMATERIALS
A. Distributed Anisotropic Metamaterials
In order to implement the anisotropic metamaterial models of Fig. 1(a) and (b), we first rigorously transform the models into Fig. 2 (a) and (b) by using a T-circuit expression of an ideal transformer. Then, we introduce the transmission line networks of Fig. 3 (a) and (b) by replacing the inductance elements with transmission-line sections. We will refer to these networks as distributed anisotropic metamaterials in the following. Here, , , and are the characteristic impedances, and , , and are the electrical lengths of the transmissionline sections (see Fig. 3 for the definition). Obviously, the transmission-line networks in Fig. 3 do not always fully correspond to the equivalent circuits in Fig. 1 just by replacing the inductance elements with the transmission line sections. Therefore, the equivalence will be discussed in the following subsection.
B. Equivalence to the Circuit Model
Let us first consider the -parameters of the transmission-line network of Fig. 3(a) 
The concrete formulas for the matrix elements are summarized in the Appendix. On the other hand, obtaining the -parameters of the circuit model of Fig. 1 (a) as and (6) we can also find the following identities (see the Appendix):
It is noted that (4) and (7) are consistently equivalent for any network parameters in Fig. 3 (a), whereas (5) and (8) are not. However, if the condition (9) is given, all of the parameters in (5) become identical, i.e., , and (5) and (8) become equivalent. In this case, holds, and equivalence of the transmission-line network of Fig. 3 (a) to the circuit model of Fig. 1 (a) can be guaranteed, i.e., under the condition of (9), the transmission-line network can be definitely expressed by the equivalent circuit model.
Similarly, the equivalence between the other isomer transmission-line network of Fig. 3 (b) and the circuit model of Fig. 1(b) can also be shown with the same manner.
C. Design Formula
Under the condition of (9), we can safely obtain the design formulas for determining the transmission-line parameters of the proposed distributed anisotropic metamaterials. By equating (4) to (7) and (5) to (8), the relations between the circuit parameters , , , and and the transmission-line parameters , , , , and can be obtained as
By solving (10)- (13) simultaneously, the transmission-line parameters of , , , , and are determined from given circuit parameters of , , , and with one degree of freedom, i.e., one of the transmission-line parameters can be chosen arbitrary. It is noted that these design formulas can be applied to both cases of and by choosing an appropriate isomer network of either Fig. 3 ) should be used. It is also noted that the transmission-line networks in Fig. 3 essentially operate as the lumped element circuits in Fig. 1 at lower frequencies down to dc . For instance, when the frequency approaches to zero in (10), by approximating , it can be shown that approaches to the frequency independent value as (14) where and are the equivalent inductance and capacitance of the transmission line section with the characteristic impedance in Fig. 3 . Similarly, by approximating and in (11)- (13), it can also be shown that , , and approach to frequency independent values as: (14)- (17) imply that the transmission-line networks in Fig. 3 equivalently operate as the original lumped element circuits in Fig. 1 as the frequency becomes lower. As a result, the bandwidth is limited only by the upper frequency of operation.
IV. CARPET CLOAK DESIGN
In order to confirm the validity of the design theory of the proposed distributed anisotropic metamaterials, we design a 2-D carpet cloak of invisibility [5] - [12] hiding objects under the carpet (see Fig. 4 ). The design consists of two stages: the coordinate transformation determination and the distributed anisotropic metamaterial parameter calculation.
A. Coordinate Transformation
First, we determine an appropriate coordinate transformation. Let us consider the area with height and width shown in Fig. 5 (a) including a bump with height to be hidden. We will now transform the area of 
where and , therefore, and . In the following, we design the cloak with and . 
B. Distributed Anisotropic Metamaterial Parameters
We first calculate the material parameters according to the material interpretation [1] , [2] , [5] , i.e., the coordinate transformation can be mimicked by an inhomogeneous anisotropic material with the tensor parameters (20) (21) where and are the permeability and permittivity of the area to be transformed, and is the metric given with the Jacobian transformation matrix as (22) Then, the equivalent circuit parameters , , , and in Fig. 1 are readily determined by (1) and (2) as (23) (24) (25) (26) Choosing the parameter ( is the wave impedance in the original area) as a degree of freedom, we determine the other transmission line parameters of , , , and in Fig. 3 from the calculated circuit parameters, , , , and by solving (10)- (13) simultaneously. is the wavenumber in the original area. Here, for the half area of , the unit cell of Fig. 3(a) is used since according to (20) . Similarly, for the other half area of , Fig. 3(b) is used, since . Incidentally, the permittivity is implicitly determined by all of the values in Fig. 6 .
V. CIRCUIT SIMULATIONS
In order to validate the cloak design, circuit simulations are carried out using a SPICE simulator.
We first prepare a node list of 20 10 cells for the cloak area shown in Fig. 7(a) . Transmission line parameters for each unit cell are given according to the values in Fig. 6(a)-(d) . The transmission line is dealt as an ideal transmission line in the node list. Then, we put the cloak at the bottom center of a uniform isotropic area discretized with 150 cells as shown in Fig. 7(b) . The refractive index and the wave impedance of the isotropic area are chosen to be ( is the wavenumber in vacuum) and 63.6 , respectively. In the node list, the outside isotropic area is expressed by the periodic array of the unit cells shown in Fig. 8 . The characteristic impedance and the electrical length for both the -and -branches are and , respectively, taking into account the effect of 2-D transmission-line networks [35] , [36] , [38] .
Fifty in-phase voltage sources ( ) with the internal impedance of 62 ,which is reasonably close to the wave impedance 63.6 ,are connected at the nodes in the center of the top row so that the sources illuminate the bump with a normal incident beam ( 0 deg). The amplitudes of the voltage sources are set to form the Gaussian beam with the beam waist of . Nodes on the bottom boundary of Fig. 7(b) are short-circuited including the bump area. The other nodes on the top row and the side columns are terminated by resistors with 62 that will be used in experiments. The For comparison, two additional simulations are also carried out for: 1) a similar configuration as Fig. 7(b) except for the situation where the cloak area is replaced by a square isotropic area shown in Fig. 9 and 2) another similar configuration as Fig. 7(b) except for the situation where the cloak interior is replaced by isotropic unit cells with the same parameters as those of the outside area. The former corresponds to a simulation for a flat floor, and the latter corresponds to a simulation for a bump without the carpet cloak. Fig. 10 shows calculated complex voltage distributions for the simulation results for (a) the carpet cloak, (b) a flat floor, and (c) a bump without the carpet cloak. The wavelength is chosen as in the calculation. By comparing Fig. 10(a) and (b) , it is seen that the carpet cloak mimics the flat floor well. Besides, by comparing Fig. 10(a) and (c), it is clearly seen that scattered waves by the bump are suppressed considerably by the carpet cloak. . From these results, it is also seen that the carpet cloak mimics the flat floor, though the level of scattered waves is slightly increased (compare Fig. 11(a) with Fig. 10(a) ). Incidentally, it is expected for the cloak to work also at lower frequencies down to DC as discussed in Section III-C.
In order to further confirm the operation of the carpet cloak, circuit simulations with the oblique incident waves 30, 45, and 60 deg are carried out. Fig. 12 shows the scheme for the simulations for the case with 45 deg, for instance. In this case, the calculated area is 300 150 cells, and a hundred in-phase voltage sources ( ) with the Gaussian amplitude distribution are connected at the nodes of the staircase boundary in the top-right corner. For the cases with 30 and 60 deg, the calculated areas are chosen as 172 120 cells and 240 86 cells, respectively, and the sources are configured with similar staircase approximations to illuminate the cloak centers. 
VI. EXPERIMENTS
Here, the carpet cloak designed in Section IV is implemented with microstrip-line technology, and its cloaking operation of invisibility is verified by near-field measurements.
A. Microstrip-Line Implementation
With the designed transmission line parameters of Fig. 6(a)-(d) , the carpet cloak is implemented with microstrip-line technology. The schematics of the anisotropic unit cells for the implementation are shown in Fig. 14 . Fig. 14 An ARLON DiClad880 with permittivity , thickness 0.254 mm, and dielectric loss is chosen as a substrate. The width and the height of the cloak area are set to 100 mm and 50 mm, respectively. The cloak is discretized with 5 mm. The total number of unit cells in the cloak area is, therefore, 20 10 unit cells. Then, we carefully choose the effective impedance 63.6 and the phase velocity ( is the speed of light and ) of the medium in the original coordinate system to be mimicked considering the fabrication constraints in which the minimum line width is 0.1 mm and all of the lines have to be accommodated in the unit cell. The parameters of , , , , and are calculated from the impedances and the electrical lengths of Fig. 6 by assuming . Fig. 15(a)-(d) show the calculated , , , and . Here, for the half areas of and , the unit cells of Fig. 14(a) and (b) are used, respectively. The parameter 0.231 mm is determined from . Fig . 16 shows the implemented carpet cloak. As seen in Fig. 16 , the cloak is symmetrical with the center of . At the interface on , the branches of the unit cells are connected smoothly maintaining the electrical length. Fig. 17 shows the schematic of the carpet cloak for fabrication. The carpet cloak area designed in Fig. 16 is placed at the bottom center of a uniform isotropic area consisting of an array For all the prototypes in Fig. 19 , the nodes on the bottom boundary including the bump area is short-circuited by throughhole vias with the diameter of 0.3 mm. The other boundaries are terminated by chip resistors with 62 through metallic lands with 0.8 0.5 mm . Fig. 20 shows the near-field measurement system used in the experiments. A prototype is fixed with an adhesive sheet on an aluminum plate to avoid warp. The prototype is excited by a coaxial cable soldered at the center node on the top row, and distributions of the -component of the electric near-field approximately 0.5 mm above the prototype surface are measured by using a coaxial probe with a computer controlled -stage. The total measured area is 275 190 mm . The complex electric field data are acquired in every 1.25 mm both in the -and -directions, and the total number of the measurement points is 221 153. In order to suppress the direct coupling between the excitation coaxial cable and the electric probe, the differential measurement technique is used, in which the complex field distributions on two slightly different planes are differentiated. The distance between the two planes is chosen as 1.5 mm. Fig. 21(a) for the carpet cloak that the wave front of the reflected wave by the cloak is flattened outside the cloak area and the total field distribution reflects well the scattered field by the flat floor shown in Fig. 21(b) . In contrast, in Fig. 21(c) for a bump without the coordinate transformation, the incident wave is scattered by the bump to the left and right and the wave front is bent according to the bump shape.
B. Prototypes
C. Measurement System
D. Measured Near-Field Distributions
For comparison, circuit simulations for the same configurations as the experiments are carried out with the same manner as in Section V. The results for (a) the carpet cloak, (b) a flat floor, and (c) a bump without the carpet cloak are shown in Fig. 22 . By comparing Fig. 22 with the measured results of Fig. 21 , they agree well with each other reflecting the fact that the carpet cloak well suppresses the scattered waves by the bump. Fig. 23 shows measured electric field distributions at a higher frequency 4.55 GHz ( ) for (a) the carpet cloak, (b) a flat floor, and (c) a bump without the carpet cloak. By comparing Fig. 23(a) and (b) , it is seen that the carpet cloak sufficiently suppresses the scattered waves by the bump and mimics the flat floor. In contrast, in Fig. 23(c) , it is clearly seen that the incident wave is strongly scattered by the bump in the oblique directions with the angles of approximately 30 deg, which is distinct from Fig. 23(a) for the case with the carpet cloak. Fig. 24 shows similar circuit simulation results at 4.55 GHz ( ) for (a) the carpet cloak, (b) a flat floor, and (c) a bump without the carpet cloak. It is seen from the figure that the simulated results agree well with the corresponding measured results in Fig. 23(a)-(c) , and the validity of the measured results are confirmed.
From these results, it can be concluded that the validity of the theory of the proposed distributed full-tensor anisotropic metamaterials as well as the operations of the carpet cloak are confirmed experimentally.
VII. CONCLUSION
Distributed full-tensor anisotropic metamaterials for transformation electromagnetics have been proposed. First, equivalence of the proposed metamaterials to the circuit models for the full-tensor anisotropic material has been shown, and the design formulas have been derived. Then, a carpet cloak has been designed. Circuit simulations have revealed the validity of the design as well as the broadband operation. In addition, the designed carpet cloak has been implemented on a dielectric substrate with microstrip-line technology. By the near-field measurements, it has been experimentally shown that the carpet cloak well suppresses scattered waves by the bump and mimics the flat floor. Therefore, the validity of the theory of the proposed distributed full-tensor anisotropic metamaterials has been confirmed.
This approach can be useful for implementing novel planar circuit devices based on the transformation electromagnetics. For instance, the idea can be applied to a coordinate transformed 2-D resonator whose resonant frequencies are exactly the same as those of the original resonator including higher harmonics regardless of its physical shape. The concept and implementation could also be exploited to Rotman lenses or other novel devices and circuits based on 2-D wave propagation.
Although the proposed implementation method is limited to 2-D cases, 3-D extensions will be demanded for the next stage. A possible approach is extending the proposed transmission line network in the symmetrical condensed node presented in the 3-D TLM approach.
APPENDIX
The -parameter components of (3) for the transmission-line network in Fig. 3 The -parameter components of (6) for the equivalent circuit model in Fig. 1(a) 
